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ABSTRACT 

We give an example of a Banach space X such that (i) X* is isometric to l l ,  
(ii) X is isometric to a subspace of C(co ~ and (iii) X is not isomorphic to a 
complemented subspace of any C (K) space. 

The example described in the abstract solves a problem which arose in several 

places in the literature. The first time the problem was mentioned seems to be in 

the paper by Bessaga and Pelczynski [1]. They give a complete isomorphic 

classification of all C(K) spaces ( =  the space of all continuous functions on a 

compact Hausdorff K) whose duals are isometric to 11. The authors of [1] ask 

whether every space whose dual is isometric (or even isomorphic) to 11 must be 

isomorphic to a C(K) space and thus covered by their classification. In a more 

general context the problem arose, e.g., in [4], [5] and [6]. In these papers much 

space is devoted to the study of ~ spaces. These are those Banach spaces whose 

finite-dimensional subspaces behave like the finite-dimensional subspaces of C(K) 
spaces. The question raised in [4], [5], [6] whether every ~oo space is isomorphic 

to a C(K) space, can be viewed as the question whether spaces isomorphic to C(K) 
spaces can be characterized by their local structure. The example given here gives a 

strong negative answer to this question and shows that the problem of isomorphic 

classification of separable La~o spaces (and the more restrictive class of  separable 

preduals of L I ~ )  spaces) is wide open. The existence of such an example may be 

somewhat surprising in view of the known facts that preduals of La(/~) behave 

in many respects like C(K) spaces (see e.g. [3] and [4]) and that the duals of 

1" This is a part of the first author's Ph.D. Thesis prepared in the Hebrew University of 
erusalem under the supervision of the second author. 
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separable Leoo spaces are isomorphic to the duals of separable C(K) spaces [7-]. 

Let X be a Banach space. We define 2(X) = inf]l T ][ [] T-1[[ ][ e ][ where the 

inf is taken over all possible isomorphisms T form X into a C(K) space and all 

possible projections P form C(K) onto TX. I f  X is not isomorphic to a comple- 

mented subspace of any C(K) space we put 2(X) -- co. The following trivial lemma 

shows that in order to compute 2(X) we do not have to consider all possible 

embeddings of X into an arbitrary C(K) space. I t  is enough to consider the canon- 

ical embedding U x : X ~  C(Bx*) where Bx* is the unit ball of X* in the w* 

topology and Uxx(x*) = x*(x). 

LEMMA. For every Banach space X, ).(X)= inf n P ][, the infimum is taken 

over all bounded linear projections P from C(Bx* ) onto UxX. 

PROOF. Put /~(x)=inf l tP i I ,  the infimum over all P as in the statement of the 

lemma. Clearly fl(X)> 2(X). To prove the converse, observe that if T is any 

bounded linear operator form X into a C(K) space, there is an operator 

:F: C(Bx*)--*C(K ) so that tl T[I = II T II and the following diagram commutes 

C(Bx*) 

X ~ CIK) 
T 

A suitable ~P is defined by 

Z'S(k) =/I TIIS(T*<  ill Til) 
where f e  C(Bx*), k e K and ~5 k e C(K)* is the Dirac measure at the point k. (If 

T = 0 we take T=0.)  If  T is an isomorphism of X into C(K) and Q a projection 

fro.~ C(K) onto TX then UxT- 1 Q :~ is a projection from C(B*) onto UxX of 

norm < ][ T II II Z-1 I1 II Q 11 This shows that 2(X) > fl(X) Q.E.D. 

We shall now present a construction which corresponds to a predual X of an 

L1 space another predual Y = Y(X) of an LI space with ;flY) > 2(X) (if ;t (X) 

< ~) .  By iterating this construction we get preduals Z of Ll spaces with 2(Z) 

arbitrarily large and by taking a suitable direct sum also such Z with 2(Z)= oo. 

Actually we shall not work with arbitrary preduals of L 1 spaces. Our X and 

Y = Y(X) also have an extreme point in their unit balls (i.e., both X and Y 
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are the spaces of all aftine continuous functions on suitable Choquet simplices 

(cf. for example [3-])). 

Let X = A(S) be the space of all affine continuous functions on a Choquet 

simplex S. Let K be the compact Hausdorff space defined as follows: As a set, 

K is a disjoint union of the form (p, q, rl, r2, r3} U U Si,j where each Si,i 
i = 1,2,3,4--- , 
j = 1 . 2 , 3 .  

is a copy orS.  (We denote by q~.j: S--, Si,j the identification map from S onto 

S~,j.) The topology on K is defined by requiring that each S~.j is closed and open in 

K and its topology coincides with that of S (i.e. q~,i is a homeomorphism). The 

points p and q are isolated points of K while a basis for the neighborhoods of rj 

( j =  1,2,3) is given by the sets {rj} W ~_J Si,j, n = 1,2,....  Let Y be the subspace of 
lmn 

C(K) consisting of all f � 9  C(K) such that fls,.j, the restriction o f f  to S~.j, is affine 

and so that 

f ( r , )  = ( f (p)  + f (q) ) /2 ,  f(r2) = (2f(p) + f (q) ) /3 ,  f(r3) = ( f (p)  + 2f(q))/3. 

(The attine structure on S~,j is again that induced by ~b~.j from S.) The norm in 

Y is the supremum norm. 

It is easy to check that  every y* �9 Y* has a unique representation of the form 

with 

Y* = ~ Yi*j + tl6p + t2t~q 
i , j  

Ily*[I = Ily*,Jll + It, I + It21 
l , j  

where Yi*j(f) = Yi*(fls,.~) �9 A(Sl.i)* and 6p and ~iq are the Dirac measures (6p(f) 

= f(p)).  Hence 

Y * = R ~ ) R  ~ • OX~,* 
i ,J 

where every X-* ,.i is isometric to X*, R is the one dimensional space and all direct 

sums are in the 11 sense. Thus Y* is an L~(v) space for some measure v. More- 

over the function identically equal to 1 belongs to Y and therefore the unit ball 

of Y has an extreme point. It follows that Y can also be considered as the space 

of all affine continuous functions on some Choquet simplex. 

The main result of this note is 

THEOREM. Let X be the space of all affine continuous functions on some 

Choquet simplex. Let Y = Y(X) be the space constructed above. Then 
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;+(r) >= ;+(x) + (500;+(x) )  -1  

PROOF. We assume tha t  2(X) < oo I f  2(X) = oo then clearly also 2(Y) = oo 

and there is no th ing  to prove.  

Let  us first i a t roduce  some more  notat ions.  We will use, whenever  it is con- 

venient ,  a single index c~ to s tand for an a rb i t ra ry  pair  ( i , j )  i = 1 ,2 ,3 ,4 , . . . ,  

j = 1,2,3.  For  any  e define the ope ra to r  J~: X - ~  Y by 

f f(s) if k = ~b,s 
J~f(k) \ 0 if kr 

(Recall  tha t  qS,: S - .  S, is the identification map).  The  opera to r  J ,  identifies X 

with the subspace of  Y consist ing of  all these funct ions  which vanish outs ide S,. 

The  m a p  J~ has a one-sided inverse R, :  Y ~ X  of  no rm t defined by Rj ( s )  

= f(c~s). 

Let  el e Ybe  the funct ion on K defined by 

f 
-} if keSi,l ,  i = 1 , 2 , . . .  

(1) e l ( p ) = l ,  e l ( q ) = 0  e,(k)  = ~ ifkeS~.z,  i = 1 , 2 , . . .  

~- i f k E S i ,  a, i= l ,2 , . . .  

Define e 2 ff Y by 

(2) e 2 = e - -  e 1 where e(k) = 1 for  all k e K .  

For  each c~ we define an ope ra to r  T~: C(Bx*) -o C(Br*) by 

(I - O,(y*))f(J* y* /(1 -- ~p~,(y*))), if tp,,(y*) < 1 

(3) Tj (y*)  
0 if ~,,(y*) = 1, 

w h e r e f e  C(Bx*), y* e Br*,  and 

(4) 0,(Y*) = ] (Y* - R,*J*Y*)(el)[ + I(Y*- R* J* Y*)(e2)I. 

The opera to r  T~ is well defined. Indeed ,  by (1) and  (2) we have tha t  ]l el + e2 I1 
R , J ~ y  [ ] a n d t h u s  < 1, hence O,(y*) < []y*- * * * 

O~(N*) + [I J'Y* ][ = ~P~(Y*) + II R*~J* Y*I[ 
(5) 

< IlY*-R=J=Y II + ][R*J*y*[] = HY*][~ 1 
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I t  follows tha t  J*~y*/(1 -$~(y*))E B ~ .  I t  is easily checked tha t  T~f(y*) is a 

con t inuous  funct ion of  y*. 

We no te  fur ther  tha t  ii T~II =< 1 and that  the following d iagram c o m m u t e s :  

C(Bx*) ~ C(By,) 

(6) Ux I Uy 

X ~ Y 
Jo~ 

Indeed ,  i f x ~ X ,  y*eB  r with ~ ( y * )  < 1 then  

T, Uxx(y *) = (1 - ~,(y*))Uxx(J*~ y*/(1 - ~ , (y*)))  

= J*y*(x) -- y*(J,x) = UrJ,x(y*). 

I f  ~ , (y*)  = 1 the verification is similar. 

Put  

(7) ). = ).(X), e = 1/500 2. 

We assume tha t  there  is a project ion P of  norm _( 2 4- e f rom C(By.) on to  UvY 
and show tha t  this leads to a contradict ion.  

By (6) R~U'~IPT~Ux is the ident i ty  map  of  X and hence by (7) 

(8) II R,,Ur' PT~ [I --> 2. 

Since X* is an L~ space and R~,e is an ex t reme point  in the uni t  ball o f  X it follows 

* ~ X* so tha t  t f rom (8) tha t  there  is an x ,  

(9) 1 =  Itx*ll = x*(R~e), II(R,Ur ~PT=)*x* I! > 2. 

Put  y *  = R*x*e Y*. Then 

(io) x -- II y: 11 = y*~(e), II T*=(U-~'P)*y=* II >= 

F r o m  the first par t  o f  (10) and the definit ion of  Y it follows tha t  

w*limy~., = (6p + 6q)/2 w*limy~2 = (26p + 6q)/3 
( 1 1 )  ~ i 

w*lim Yi*a = (6p + 26q)/3 
i 

t Actually this is the case only if the operator R= U; 1PT~, attains its norm. In the general 
case, we must replace ). by an arbitrary ) . '<) . .  This will require only some trivial changes in 
the argument. 
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Define now 

(12) 

Then 

(13) 

and 

(14) 
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IL~ = ( U r ' P ) * y *  ~ C(By,)*.  

II* 

a f y  $~ .  
lq = w nmpi,1 = ((U-~ 1 P)* 5p + (U'r '  P)*Sq)/2 

i 

a c f  
P2 = w*l imp , :  = (2(V';~P)*Sp + (U'~IP)*Sq)/3 

i 

ae !  
/z a = w*limp~ 3 = ((Uy1p)*~p q-2(u~tP)*5,y3 

i 

In  particular,  

(15) 

Since P U r e  = Ure. 

Pl = (P2 + ~3)/2. 

(U~ ~P)*Sp(Ure) = 5p(Ur ~PUre) = tip(e) = 1 ,  

with a similar relation holding with q instead of  p, we get that  

(16) pj (Ure)  = 1 j = 1,2,3. 

(#j being a linear functional on C(Br,  ), can and will be considered also as a 

measure on By,. I f  we consider ttj as a measure,  we write (16) as 

ey* U r ( e ) d p j = l )  

For  any index ~ and positive number  r /<  1 let G~= {y*; y* e B r , , ~ ( y * )  >= rl}. 

Then f o r f e C ( B x ,  ) with ]If][ = 1 we have by (3) t h a t ] T j ( y * ) ]  < 1 - r/ for 

y*eG~.  Thus for every measure tt on Br ,  whose support  is contained in 

G~ we get that  

(17) l] r*.ll (1 -  )11.11. 
Let us define the measures a~ and % on Br ,  by 

(18) aa(A) p~(A - - ,o..  = t ~ O ~  ) ,  "Ca ---- / / a - - f f a  

for every Borel set A in Br ,  (e is the number  given in (7)). By (13) and (17), 
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< II " r . . .  II <= II * = r : . l l  + IIr:~.ll < - - (~-  ~o,)11~.11 + II~.ll 

= (1 - lO,)11 ~ II + tl . .  II - II ~~ II z : + ,  - lo ,  Ii ~. II 

Hence, 

(19) 

We note also that by (18) 

tl~.ll,, __< ~ t~o  

(20) r, is supported on {y*;~,,(y*) < 10e}. 

Consider now the following three subsets of  Br.  

F 1 = {y*;y* = t( 3j, + c5q)/2 + u*,It I + ]l u* ]] < 1,] u*(ei) ] + ] u*(e2) ] _< 10,} 

F 2 = {y*;y* = t(23p + 3q)/3 + "*,ltl + 11 u'l] -< 1,1 u*(e,)] + ]u*(e2)J < 10,} 

F3= { y , ; y , = t ( 6 ,  + 23 , ) /3+u , , I t ]+ l lu ,  ll < l , l u , ( e t l+ lu , ( e2 ) l< lO,}  (21) 

These sets have the following property: if, for a given j ,  r  I0, for 
i = 1 , 2 , . . ,  and some z * e B r ,  then any limit point of  the s.~qaenc.~{zi*}~=t 

belongs to F i. Indeed, take e .g . j  = 1 and assume that * ~i.flz~ ) < 10,. This means, 

by (4~, that z,*- =u*,- a-. v,* where t! u*ll + ]I v.*ll=llz * 1 1 .  , ii i, , ii = < 1, v * =  ~i.,a,.lz," *" * * and 

J u'/(e,) I + l u*(e2)] < 10,. By the definition of Y every limit point of the sequence 

v* is of the form t6,, = t(6p + 60)/2. Hence every limit point of {z*} belongs to 

FI. It follows from this observation and (20) that every w* limit point of {'r~.i}i~ 

is supported on F./. 

We note that if y* ~ F I n  Fz then 

y* = t,(3, + 6q)[2 + u~ = t2(23 p + Oq)/3 + u~. 

By applying the functionals to e~ and ez we get that 

I t l / 2 - 2 t 2 / 3 [ < 2 0 e ,  I t , / 2 - t 2 / 3 1 < 2 0 ,  , 

and hence I'~l,lt, I ~12o,. Similar computations for points in Ft  n F 3  or 

F2 r3 F 3 show that if H./is the subset of  F~ obtained by requiring in (21) that 

[t I > 125s then every set H: is disjoint from the union of the two F sets with 

different indices. 

We return now to the measures/l,  = ~r, + r, (cf,(18)). By ([4),(19), (20) and the 

preceding remarks we get that for j = 1,2, 3 

(22) l , j = r i + a j ,  ~ j s u p p o r t e d o n F s . ,  [loJll~x/t0. 
For every j we decompose z~. into two measures by putting 
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(23) pj(A) < zj(A ~ Hi), ?j = zj - pj. 

By the definition of Hj  and Fj it follows that ?j is supported on the set {y*; 

[y*(e)l< 1505}. Hence by (7) 

f Uy(e)d j II 7j I[ < 150e0. + e) < 1/3. __< 1505, 
By* 

By (22), 

Hence, by (16) 

I fB Ur(e)d0"i] <=[[trjl[ <=1/10" 
y* 

(24) [1PJ 11 > fB Uy(e)dpi > 1 -- 1/3 -- 1/10 > 1/2, 
y* 

By (15) 

P2 + Y2 "-}- 0"2 "~ P3 + Y3 "q- 0"3 
Pl = 2 --Yl--0.1, 

but this contradicts (24) since p2,~)2,P3,~3 and ~1 all vanish on subsets of H 1, 

while [I (0"2 + 0.3)/2 - o- 1 [] < 1/5. This concludes the proof of the theorem. 

Using the theorem and starting from any A(S) space X~ we can construct 

inductively a sequence of simplex spaces X,+ 1 = Y(X,) so that,  if 2n = 2(Xn) then 

2,+1 _->)~+ 1/5002, and hence 2 ,~ '~ .  The direct sum in the Co norm X~ 

= (X @ Xn)co is a space whose dual is an L1 space for which 2(Xo~)= ~ .  If  we 

start with X1 = the one dimensional space, it is clear that X~ will be isometric 

to a subspace of C(~o '~ (cf. e.g. 1-1] for the terminology). Hence we get 

COROLLARY 1. There is a Banach space X such that 
(1) X* is isometric to l~ 

(2) X is isometric to a subspace of C(~o ~) 

(3) X is not isomorphic to a complemented subspace of any C(K) space. 

In [2] Gurari constructed a separable Banach space whose dual is an L1 space, 

which has some special interesing properties. This space is unique up to almost 

isometry (cf. I-2] and 1-3] for details). In [8] it was shown that every separable 

predual of LI(/~) is isometric to a complemented subspace of the Gurari space. 

From Corollary 1 we get thus 
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COROLLARY 2. Thc  Gurar i  space is not i somorphic  to a complemen ted  

subspace o f  a C(K)  space. 
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